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Abstract
We study the moduli space of quaternionic Ka¨hler structures on a compact
manifold of dimension 4n ≥ 12 from a point of view of Riemannian geometry,
not twistor theory. Then we obtain a rigidity theorem for quaternionic Ka¨hler
structures of nonzero scalar curvature by observing the moduli space.
1 Introduction
According to Berger’s classification theorem, the holonomy group of a simply-
connected, non-symmetric, irreducible Riemannian manifold of dimension N
is isomorphic to one of the following;
SO(N), U(N/2), SU(N/2), Sp(N/4), Sp(N/4)Sp(1), G2, Spin(7).
The Riemannian geometry of special holonomy groups SU(N/2), Sp(N/4),
Sp(N/4)Sp(1), G2 and Spin(7) are called Calabi-Yau, hyperKa¨hler, quater-
nionic Ka¨hler, G2 and Spin(7) structures, respectively. During the last score
of twentieth century, the deformation theory of these structures are stud-
ied according to individual way to each structure. For example, the defor-
mations of Calabi-Yau and hyperKa¨hler structures were studied by using
Kodaira-Spencer theory [1][20][21]. But we cannot apply Kodaira-Spencer
theory to the other structures since they do not admit complex structures.
Joyce showed that the moduli spaces of G2 and Spin(7) structures are smooth
manifolds by studying the closed differential forms which define the struc-
tures. Then the purpose of this paper is studying the moduli spaces of the
quaternionic Ka¨hler structures.
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Each quaternionic Ka¨hler structure has an Einstein metric. If the metric is
Ricci-flat, then it reduces to a hyperKa¨hler structure. So, if we denote by κg
the scalar curvature of a Riemannian metric g, we should consider the case
of κg > 0 or κg < 0 for studying quaternionic Ka¨hler structures.
A Riemannian metric g on 4n-dimensional manifold M is a quaternionic
Ka¨hler metric if the holonomy group of g is isomorphic to a subgroup of
Sp(n)Sp(1). Then there are rigidity theorems for the quaternionic Ka¨hler
metrics as follows.
Theorem 1.1 ([10]). Let M be a compact 4n-manifold, n ≥ 2, and let {gt}
be a family of quaternionic Ka¨hler metrics on M , of fixed volume, depending
smoothly on t ∈ R. If g0 has positive scalar curvature then there is a family
of diffeomorphisms {ψt} ⊂ Diff(M) depending smoothly on t ∈ R such that
ψ∗t gt = g0.
Moreover, LeBrun and Salamon [11] showed that there are, up to isome-
tries and rescalings, only finitely many compact quaternionic Ka¨hler metrics
of dimension 4n of positive scalar curvature for each n ≥ 2.
Theorem 1.2 ([7]). LetM be a compact 4n-manifold and let {gt} be a family
of quaternionic Ka¨hler metrics onM , of fixed volume, depending smoothly on
t ∈ R. If g0 has negative scalar curvature then there is a family of diffeomor-
phisms {ψt} ⊂ Diff(M) depending smoothly on t ∈ R such that ψ
∗
t gt = g0.
The above two theorems are proven by using twistor theory.
In this paper, we will prove the rigidity for quaternionic Ka¨hler structures in
the case of κg > 0 and κg < 0 at the same time using Riemannian geometry
without using twistor theory.
We apply [5] to the description of the moduli spaces of quaternionic Ka¨hler
structures. In [5], Goto introduced a notion of topological calibration which
gives a unified framework of the deformation theory of Calabi-Yau, hy-
perKa¨hler, G2 and Spin(7) structures. The moduli space of topological cal-
ibrations is constructed in Riemannian geometric way.
We define the set of quaternionic Ka¨hler structures of nonzero scalar cur-
vature on M in Section 3 and denote it by M˜qK . Since M˜qK is a subset
of closed 4-forms on M , then G := Diff0(M) × R>0 acts on M˜qK by the
pull-back and scalar multiple. So we have a quotient space MqK := M˜qK/G
and the quotient map πqK : M˜qK →MqK . We will show a rigidity theorem
for quaternionic Ka¨hler structures as follows.
Theorem 1.3. Let {Φt}t∈R ∈ M˜qK be a continuous family of quaternionic
Ka¨hler structures on compact 4n-dimensional manifold M for n ≥ 3. Then
we have πqK(Φt) = πqK(Φ0) for any t ∈ R.
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To show Theorem 1.3, we have to evaluate the dimension of the formal
tangent space ofMqK at πqK(Φ). In Section 2, we introduce the deformation
complex of quaternionic Ka¨hler structures
· · ·
d
−→ Γ(EkΦ)
d
−→ Γ(Ek+1Φ )
d
−→ · · · .
for each Φ ∈ M˜qK along [5]. If we denote the k-th cohomology group of the
above complex by Hk(♯Φ), then the formal tangent space ofMqK is given by
H1(♯Φ)/R. To prove the rigidity theorem, we need to show that
(I) the deformation complexes are elliptic complexes,
(II) H1(♯Φ) ∼= R.
It is shown that (I) is true in the case of Calabi-Yau, hyperKa¨hler, G2 and
Spin(7) structures in [5]. But if we try to show (I) in the case of quater-
nionic Ka¨hler structures, we have to deal with 4-forms or 5- forms of 4n-
dimensional vector space, which are so complicated. Hence we need more
systematic method to study the deformation complex. Then we introduce a
new method for showing (I) in Section 4.
In Section 4, we introduce new complexes called the deformation complexes of
torsion-free Sp(n)Sp(1)-structures, and show they are the elliptic complexes.
Then we solve (I) by constructing the isomorphisms between the deforma-
tion complexes of quaternionic Ka¨hler structures and new ones. Since these
discussions can be applied to the other structures, we can regard the results
in Section 4 as the unified method to study the deformation complexes of
topological calibrations.
We prove (II) in Section 5 by using the Bochner-Weitzenbo¨ck formulas and
vanishing theorems on quaternionic Ka¨hler manifolds due to Homma [6],
Semmelmann and Weingart [14].
Each quaternionic Ka¨hler structure Φ ∈ M˜qK induces a Riemannian metric
gΦ on M . If g is a quaternionic Ka¨hler metric of nonzero scalar curvature,
then there is a quaternionic Ka¨hler structure Φ ∈ M˜qK such that gΦ = g.
Then, it is important to study how many quaternionic Ka¨hler structures
which induce a given quaternionic Ka¨hler metric g. We will obtain the fol-
lowing theorem in Section 6.
Theorem 1.4. Let (M, g) be a 4n-dimensional Riemannian manifold for
n ≥ 3 and M˜qK(g) := {Φ ∈ M˜qK ; gΦ = g}. If g is a quaternionic Ka¨hler
metric, then there is a unique element in M˜qK(g).
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2 Geometric structures defined by closed dif-
ferential forms
In this section, we introduce Goto’s topological calibration theory along
[5], then state its relation to torsion-free G-structures.
Let g0 be the standard inner product on V = R
N . We have GLNR represen-
tation ρ : GLNR→ GL(Λ
k) by putting ρ(g)α := (g−1)∗α for g ∈ GLNR and
α ∈ Λk := ΛkV ∗. Fix
ΦV ∈
l⊕
i=1
Λpi
such that the isotropy group
G = {g ∈ GLNR; ρ(g)Φ
V = ΦV }
is a subgroup of the orthogonal group O(N).
In this section, we consider a smooth manifoldM of dimension N . We denote
by πF (M) : F (M) → M the frame bundle of M whose fibre is GLNR. If we
set
RΦV (V ) := {ρ(g)Φ
V ∈
l⊕
i=1
Λpi; g ∈ GLNR},
then there is a left action of GLNR on RΦV (V ), given by g1 · ρ(g2)Φ
V :=
ρ(g1g2)Φ
V for g1, g2 ∈ GLNR. Then we have an RΦV (V )-bundle
RΦV (M) := F (M)×GLNR RΦV (V ).
Since RΦV (M) is a subbundle of
⊕l
i=1 Λ
piT ∗M , we can consider the exterior
derivative dΦ ∈
⊕l
i=1Ω
pi+1(M) for each Φ ∈ Γ(RΦV (M)). Then we put
M˜ΦV (M) = {Φ ∈ Γ(RΦV (M)); dΦ = 0}.
By taking proper N and ΦV , we can construct the set of Calabi-Yau, hy-
perKa¨hler, G2 and Spin(7) structures on M in this manner [5]. We will give
ΦqK ∈ Λ
4(R4n)∗ which determines the set of quaternionic Ka¨hler structures
in Section 3.
Next we see that there is one-to-one correspondence between torsion-free G-
structures on M and M˜ΦV (M) under a certain condition for Φ
V .
Since G is a subgroup of GLNR, we have a quotient space
RG(M) := F (M)/G,
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which is a GLNR/G-bundle over M . Then for each section Q ∈ Γ(RG(M)),
there is a principal G-bundle
Q˜ := {u ∈ F (M); πG(u) = QπF (M)(u)},
where πG : F (M)→ F (M)/G is the quotient map.
By taking a section Q ∈ Γ(RG(M)), we may write TM = Q˜ ×G V where
V = RN . Then a Riemannian metric gQ on M is induced by gQ|p(u ×G
x, u×G y) = g0(x, y) for x, y ∈ V , p ∈M and u ∈ Q˜p. Since G is a subgroup
of O(N), this is well-defined.
Definition 2.1. Let Q ∈ Γ(RG(M)). A covariant derivative ∇ on TM is a
connection on Q if ∇ is reducible to a connection on a principal G-bundle Q˜.
Definition 2.2. We call Q ∈ Γ(RG(M)) a torsion-free G-structure if the
Levi-Civita connection of gQ is a connection on Q.
The natural diffeomorphism RΦV (V ) ∼= GLNR/G induces a bijective bun-
dle map
σΦV : RΦV (M) −→ RG(M).
We put QΦ := σΦV (Φ) ∈ Γ(RG(M)) for each Φ ∈ Γ(RΦV (M)).
We set a G-equivariant map AkΦV : Λ
k⊗V →
⊕l
i=1 Λ
pi+k−1 as AkΦV (ω⊗v) :=
ω ∧ ιvΦ
V for ω ⊗ v ∈ Λk ⊗ V , where ι is the interior product, and put
EkΦV := Im(A
k
ΦV
). Then a bundle map AkΦ : Λ
kT ∗M ⊗ TM → EkΦ is induced
by AkΦV for each Φ ∈ Γ(RΦV (M)), where we put E
k
Φ := Q˜Φ ×G E
k
ΦV .
Proposition 2.3. Let ∇ be a connection on QΦ for Φ = (Φ1, · · · ,Φl) ∈
Γ(RΦV (M)). Then we have
dΦ = A2Φ(T
∇),
where T∇ is the torsion tensor of ∇.
Proof. We calculate (dΦ)p for a fixed point p ∈M . Let ∇ be any connection
on QΦ, v1, v2, · · · , vN ∈ V be an orthonormal basis and v
1, v2, · · · , vN ∈ V ∗
be its dual basis.
We can take a neighborhood U of p and local section τ ∈ Γ(U, Q˜Φ) which
satisfy (∇ξi)p = 0, where ξi|x = τ(x)×G vi for x ∈ U .
Let ΦVl =
∑
i1,···,ipl
Φ
(l)
i1,···,ipl
vi1∧· · ·∧vipl (l = 1, · · · , N) and ξi|x = τ(x)×Gv
i.
Then for any x ∈ U , we have
(Φl)x = σ(x)×G Φ
V
l
=
∑
i1,···,ipl
Φ
(l)
i1,···,ipl
(ξi1)x ∧ · · · ∧ (ξ
ipl)x.
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If we put dξα = cαβγξ
β ∧ ξγ, where cαβγ are smooth function on U , then
[ξβ, ξγ] = −c
α
βγξα. So we have
(dΦl)p =
∑
i1,···,ipl
pl∑
s=1
(−1)s−1Φ
(l)
i1,···,ipl
(ξi1)p ∧ · · · ∧ (dξ
is)p ∧ · · · ∧ (ξ
ipl )p
=
∑
i1,···,ipl
pl∑
s=1
∑
β,γ
Φ
(l)
i1,···,ipl
{cisβγξ
β ∧ ξγ ∧ ιξis (ξ
i1 ∧ · · · ∧ ξipl )}p
=
∑
i1,···,ipl
∑
α,β,γ
Φ
(l)
i1,···,ipl
{cαβγξ
β ∧ ξγ ∧ ιξα(ξ
i1 ∧ · · · ∧ ξipl )}p
= A2Φ(
∑
α,β,γ
cαβγξ
β ∧ ξγ ⊗ ξα)p
Since we may write
T∇(ξβ, ξγ)p = −[ξβ , ξγ]p
= −cαβγ(ξα)p,
then we have dΦp = A
2
Φ(T
∇)p for any p ∈M
Note that Lie group G acts on g := Lie(G) ⊂ End(V ) = V ∗ ⊗ V by
the adjoint action. Let v1, v2, · · · , vN ∈ V be a basis and v
1, v2, · · · , vN ∈ V
be its dual basis. For each Q ∈ Γ(RG(M)), there is a sub vectorbundle
gˆ
k
Q := Q˜×G g
k of ΛkT ∗M ⊗ TM , where
g
k := span{
∑
i,j
(α ∧ ajiv
i)⊗ vj;α ∈ Λ
k−1,
∑
i,j
ajiv
i ⊗ vj ∈ g} ⊂ Λ
k ⊗ V
for k ≥ 2, and
g
1 := g, g0 := {0}.
Then we have an orthogonal decomposition Λk⊗V = gk⊕P k
g
where P k
g
is the
orthogonal complement. If we put Pˆ kQ := Q˜ ×G P
k
g
, we have an orthogonal
decomposition
ΛkT ∗M ⊗ TM = gˆkQ ⊕ Pˆ
k
Q
with respect to gQ.
Let A¯kΦV := A
k
ΦV
|P k
g
. It is clear that gk is a subspace of Ker(AkΦV ) from
the definitions of gk and AkΦV . If we assume that dimE
k
ΦV = dimP
k
g
, then
the induced bundle map A¯kΦ : Pˆ
k
QΦ
→ EkΦ is an isomorphism for each Φ ∈
Γ(RΦV (M)).
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Proposition 2.4 ([15]). We define a linear map a : V ∗⊗End(V ) → Λ2⊗V
by
a(u1 ⊗ u2 ⊗ v) := u1 ∧ u2 ⊗ v = (u1 ⊗ u2 − u2 ⊗ u1)⊗ v
for u1,∈ V
∗, u2 ⊗ v ∈ V
∗ ⊗ V = End(V ).
Then a|V ∗⊗so(N) : V
∗ ⊗ so(N)→ Λ2 ⊗ V is an isomorphism, where so(N) is
the Lie algebra of O(N).
See Proposition 2.1 of [15] as to the proof.
Proposition 2.5. Let Φ ∈ Γ(RΦV (M)) and suppose dimE
2
ΦV = dimP
2
g
.
Then QΦ is a torsion-free G-structure if dΦ = 0.
Proof. Let ∇ be a connection on QΦ and assume that dΦ = 0. We may
write ∇ = ∇Φ + γ, where γ is a section of Q˜Φ ×G (V
∗ ⊗ so(N)) and ∇Φ is
the Levi-Civita connection of gΦ := gQΦ. Then
T∇ = T∇
Φ
+ a(γ) = a(γ).
Since we have A2Φ(T
∇) = dΦ = 0 from the assumption and Proposition 2.3,
then
a(γ) = T∇ ∈ Ker(A2Φ) = Γ(gˆ
2
QΦ
).
Then γ is a section of Q˜Φ ×G (V
∗ ⊗ g) from Proposition 2.4, which means
γ ∈ Ω1(gˆ1QΦ). Hence we have shown that the Levi-Civita connection ∇
Φ =
∇− γ is a connection on QΦ.
Theorem 2.6. Let ∇ be the Levi-Civita connection of gΦ for a section Φ ∈
Γ(RΦV (M)). We suppose dimE
2
ΦV = dimP
2
g
. Then the following conditions
are equivalent.
(i)dΦ = 0. (ii)QΦ is a torsion-free G-structure. (iii)∇Φ = 0.
Proof. Proposition 2.5 gives (i)=⇒(ii).
Assume that QΦ is a torsion-free G-structure. Then the Levi-Civita connec-
tion ∇ is a connection on QΦ. If we take p ∈ M , U and ξ
1, · · · , ξn as in
Proposition 2.3, then (∇ξi)p = 0. So
(∇Φi)p =
∑
j1,···,jpi
pi∑
s=1
Φij1,···,jpi (ξ
j1)p ∧ · · · ∧ (∇ξ
js)p ∧ · · · ∧ (ξ
jpi)p
= 0.
Thus we have shown ∇Φ = 0 if QΦ is a torsion-free G-structure.
If we assume ∇Φ = 0, then dΦ =
∑
j ξ
j ∧∇ξjΦ = 0.
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Next we consider the deformation complex of Φ0 ∈ M˜ΦV (M).
Proposition 2.7 ([5]). Let Φ0 ∈ M˜ΦV (M). Then dΓ(E
k
Φ0
) is a subspace of
Γ(Ek+1Φ0 ).
From Proposition 2.7, we obtain Goto’s complex
· · ·
d
−→ Γ(EkΦ0)
d
−→ Γ(Ek+1Φ0 )
d
−→ · · · . (1)
3 Moduli spaces of the quaternionic Ka¨hler
structures
In this section, we state the main result in this paper. First, we define
quaternionic Ka¨hler structures and their moduli space.
From now on we consider the case of N = 4n. We put I, J,K ∈ M4nR be
almost complex structures on V defined by
I =


O −En O O
En O O O
O O O −En
O O En O

 J =


O O −En O
O O O En
En O O O
O −En O O


K =


O O O −En
O O −En O
O En O O
En O O O


where En is the unit matrix of GLnR, and set
ωI := g0(I·, ·), ωJ := g0(J ·, ·), ωK := g0(K·, ·).
Then we have an 4-form
ΦqK := ωI ∧ ωI + ωJ ∧ ωJ + ωK ∧ ωK ∈ Λ
4,
whose isotropy group
GΦqK := {g ∈ GLNR; ρ(g)ΦqK = ΦqK}
is equal to Sp(n)Sp(1) := Sp(n)×{±1} Sp(1).
Definition 3.1. Let M be a smooth manifold of dimension 4n. Then we
call Φ0 ∈ Γ(RΦqK (M)) is a quaternionic Ka¨hler structure on M if and only
if dΦ0 = 0.
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There is the irreducible decompositions of Sp(n)Sp(1)-representation ac-
cording to [3][15],
Λ3 ⊗ C = λ30σ
3 ⊕ λ10σ
3 ⊕ λ31σ
1 ⊕ λ10σ
1,
Λ4 ⊗ C = λ40σ
4 ⊕ λ20σ
4 ⊕ σ4 ⊕ λ41σ
2 ⊕ λ21σ
2 ⊕ λ20σ
2 ⊕ λ42 ⊕ λ
2
0 ⊕ σ
0,
Λ5 ⊗ C = λ50σ
5 ⊕ λ30σ
5 ⊕ λ10σ
5 ⊕ λ51σ
3 ⊕ λ31σ
3 ⊕ λ52σ
1 ⊕ λ30σ
1 ⊕ Λ3 ⊗ C.
Here we write λpqσ
r = λpq ⊗ σ
r where λpq is an irreducible Sp(n)-module and
σr = Sr(C2) is an irreducible Sp(1)-module. The representation λpq has the
highest weight (µ1, · · · , µn) such that
µl =


2 1 ≤ l ≤ q,
1 q + 1 ≤ l ≤ p− q,
0 p− q + 1 ≤ l ≤ n.
Then we have
E0ΦqK ⊗ C = λ
1
0σ
1,
E1ΦqK ⊗ C = λ
2
0σ
2 ⊕ λ21σ
2 ⊕ λ20 ⊕ σ
0,
by the definition of ΦqK and direct calculation. As to E
2
ΦqK
, there is the
irreducible decomposition for n ≥ 3
E2ΦqK ⊗ C = λ
3
1σ
3 ⊕ λ30σ
1 ⊕ Λ3 ⊗ C.
by [19].
Weyl dimension formula [4] of Sp(n) reperesentation gives
dimC λ
p
q =
2nn!
∏
1≤i,j≤n(µ˜i − µ˜j)(µ˜i + µ˜j + 2n+ 2)
∏n
k=1(µ˜k + n + 1)∏n
k=1(2k)!
.
Then we can calculate the dimension of E2ΦqK .
Theorem 3.2 ([19]). Let M be a 4n-dimensional manifold for n ≥ 3 and
Φ0 ∈ Γ(RΦqK (M)). Then the Levi-Civita connection ∇
Φ0 of gΦ0 reduces to
the connection of the principal Sp(n)Sp(1)-bundle QΦ0 if and only if dΦ0 = 0.
Proof. It suffices to show that dimE2ΦqK = dimP
2
sp(n)⊕sp(1) from Theorem 2.6.
By Weyl dimension formula, we have
dimE2ΦqK = 24n
3 − 12n2 − 12n,
for n ≥ 3. From dim(sp(n) ⊕ sp(1)) = 2n2 + n + 3 and the injectivity of
a|V ∗⊗so(4n), we have
dimP 2
sp(n)⊕sp(1) = dim(Λ
2 ⊗ V )− dim{V ∗ ⊗ (sp(n)⊕ sp(1))}
= 24n3 − 12n2 − 12n.
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Now we denote the scalar curvature of a Riemannian metric g by κg. If
the holonomy group Hol(g) is isomorphic to the subgroup of Sp(n)Sp(1),
then g is Einstein, so κg is constant [15]. Moreover Hol(g) is isomorphic to
Sp(n)Sp(1) if and only if κgΦ0 6= 0. So we put
M˜qK := {Φ0 ∈ M˜ΦqK (M); κgΦ0 6= 0}.
Let G := Diff0(M) × R>0 where Diff0(M) is the identity component of
Diff(M). Then G acts on M˜qK by putting (f, c) · Φ := cf
∗Φ for (f, c) ∈
G. Thus we obtain the moduli spaces of quaternionic Ka¨hler structures of
nonzero scalar curvature
MqK := M˜qK/G.
Next we show the rigidity theorem for quaternionic Ka¨hler structures of
nonzero scalar curvature. From now on, we suppose that M is compact. We
will use following lemmas.
Lemma 3.3. Let M be a compact manifold of dimension 4n ≥ 12. Then
Goto’s complex of quaternionic Ka¨hler structures
· · ·
d
−→ Γ(EkΦ0)
d
−→ Γ(Ek+1Φ0 )
d
−→ · · ·
is elliptic complex at k = 1 for each Φ0 ∈ M˜ΦqK(M). In particular, there is
the Hodge decomposition
Γ(E1Φ0) = H
1
Φ0 ⊕ dΓ(E
0
Φ0)⊕ d
∗
1Γ(E
2
Φ0),
where d∗k is a formal adjoint operator of d : Γ(E
k
Φ0
) → Γ(Ek+1Φ0 ) and H
1
Φ0
is
given by
H
1
Φ0
:= Ker(△♯ := dd
∗
0 + d
∗
1d : Γ(E
1
Φ0
)→ Γ(E1Φ0)).
Lemma 3.4. Let M be a compact manifold of dimension 4n ≥ 12. Then we
have
H
1
Φ0 = RΦ0
for each Φ0 ∈ M˜qK.
We will prove Lemma 3.3 and 3.4 in Section 4 and 5, respectively.
Let F be a fibre bundle over M and k ≥ 2n+ 1. Then an L2k-section of F is
a C0-section by Sobolev embedding theorem. By putting (f, c) ·Φ := cf ∗Φ ∈
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L2k(RΦqK (M)) for (f, c) ∈ L
2
k+1(Diff0(M)) × R>0 and Φ ∈ L
2
k(RΦqK (M)),
an infinite dimensional Lie group Gk+1 := L
2
k+1(Diff0(M)) × R>0 acts on a
Hilbert manifold L2k(RΦqK (M)). Thus we have a quotient topological space
Ak := L
2
k(RΦqK (M))/Gk+1
and the quotient map πk : L
2
k(RΦqK (M)) → Ak. Then we are going to show
that πk(M˜qK) is a discrete subset of Ak for k ≥ 2n + 1 and n ≥ 3. This is
proven directly from Proposition 3.7.
First we consider the neighborhood of πk(Φ0) ∈ Ak for Φ0 ∈ M˜ΦqK(M).
Since A¯1Φ0 : Pˆ
1
QΦ0
→ E1Φ0 is an isomorphism, there is the inverse map (A¯
1
Φ0
)−1.
Then we define a map ϕk,Φ0 : L
2
k(E
1
Φ0
) → L2k(RΦqK (M)) by ϕk,Φ0(α) :=
ρ(e(A¯
1
Φ0
)−1α)Φ0 for Φ0 ∈ M˜ΦqK(M) and α ∈ L
2
k(E
1
Φ0
), where ρ(g)Φ0 =
(g−1)∗Φ0 for g ∈ L
2
k(GL(TM)) and e
X :=
∑∞
j=0X
j/j! forX ∈ L2k(End TM).
The differential of the map ϕk,Φ0 at the origin is given by
(ϕk,Φ0∗)0(β) = −A¯
1
Φ0
(A¯1Φ0)
−1(β) = −β
for β ∈ L2k(E
1
Φ0
). If we put
Uk,Φ0(ε) := {α ∈ L
2
k(E
1
Φ0
); ‖α‖L2k < ε}
for ε > 0, then there is ε > 0 such that
ϕk,Φ0|Uk,Φ0 (ε)
: Uk,Φ0(ε) −→ ϕk,Φ0(Uk,Φ0(ε))
is a diffeomorphism from inverse function theorem.
Set Vk,Φ0(ε) := {α ∈ Uk,Φ0(ε); d
∗
0α = 0, < α,Φ0 >L2(Φ0)= 0} where <
α,Φ0 >L2(Φ0)=
∫
M
gΦ0(α,Φ0)volgΦ0 .
Lemma 3.5. Let Φ0 ∈ M˜ΦqK(M) and k ≥ 2n + 1. Then there is an
open neighborhood Wk,Φ0 ⊂ Ak of πk(Φ0) which satisfies Wk,Φ0 ⊂ πk ◦
ϕk,Φ0(Vk,Φ0(ε)) for any ε > 0.
Proof. Let the map
F : ϕk,Φ0(Vk,Φ0(ε))× L
2
k+1(Diff0(M))× R>0 −→ L
2
k(RΦqK (M))
be given by F (Φ, f, c) := cf ∗Φ for Φ ∈ ϕk,Φ0(Vk,Φ0(ε)), f ∈ L
2
k+1(Diff0(M))
and c ∈ R>0. We take
(α,X, t) ∈ Vk,Φ0 ⊕ L
2
k+1(TM)⊕ R
= T(Φ0,IdM ,1){ϕk,Φ0(Vk,Φ0(ε))× L
2
k+1(Diff0(M))× R>0}
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where Vk,Φ0 := {α ∈ L
2
k(E
1
Φ0
); d∗0α = 0, < α,Φ0 >L2(Φ0)= 0}. Then the
differential of F at (Φ0, IdM , 1) is given by
F∗|(Φ0,IdM ,1)(α,X, t) = tΦ0 + dιXΦ0 + α.
Thus F∗|(Φ0,IdM ,1) : Vk,Φ0 ⊕ L
2
k+1(TM) ⊕ R → L
2
k(E
1
Φ0
) is an isomorphism
by Lemma 3.3, so there are some δ > 0 and neighborhood N(IdM ,1) ⊂
L2k+1(Diff0(M))×R>0 = Gk+1 of (IdM , 1) such that F |ϕk,Φ0 (Vk,Φ0 (δ))×N(IdM ,1) is
a diffeomorphism. In particular, F (ϕk,Φ0(Vk,Φ0(δ))×N(IdM ,1)) is an open set
of L2k(RΦqK (M)). Hence by putting
Wk,Φ0 := πk ◦ F (ϕk,Φ0(Vk,Φ0(δ
′))×N(IdM ,1))
for δ′ = min{δ, ε}, we have
Wk,Φ0 ⊂ πk ◦ F (ϕk,Φ0(Vk,Φ0(ε))×N(IdM ,1)) = πk ◦ ϕk,Φ0(Vk,Φ0(ε)).
Proposition 3.6. Let Φ0 ∈ M˜qK and n ≥ 3. Then there is ε > 0 which
satisfies the following condition. If Φ ∈ ϕ2n+1,Φ0(V2n+1,Φ0(ε)) satisfies dΦ =
0, then Φ = Φ0.
Proof. Fix ε > 0 and Φ ∈ ϕ2n+1,Φ0(V2n+1,Φ0(ε)). Then we may write Φ =
ρ(ea)Φ0 for a ∈ L
2
2n+1(Pˆ
1
QΦ0
) which satisfies A¯1Φ0(a) ∈ V2n+1,Φ0(ε). If we put
ρ∗(a)β :=
d
dt
∣∣∣
t=0
(e−ta)∗β
for β ∈ Ω·(M), then it follows ρ∗(a)Φ0 = −A¯
1
Φ0
(a) and
ρ(ea)Φ0 =
∞∑
j=0
1
j!
{ρ∗(a)}
jΦ0.
Then
dΦ = d
∞∑
j=0
1
j!
{ρ∗(a)}
jΦ0
= −dA¯1Φ0(a) +
∞∑
j=2
1
j!
d{ρ∗(a)}
jΦ0. (2)
Since the linear operators
ρ∗ : L
2
2n+1(End(TM)) −→ L
2
2n+1(End(Λ
4T ∗M)),
d : L22n+1(Λ
4T ∗M) −→ L22n(Λ
5T ∗M)
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are the bounded operators, there are constants s,K0, K1 > 0 depending only
on M and Φ0, such that
‖{ρ∗(a)}
jΦ0‖L22n+1 ≤ K0s
j‖a‖j
L22n+1
‖Φ0‖L22n+1 ,
‖dβ‖L22n ≤ K1‖β‖L22n+1
for a ∈ L22n+1(Pˆ
1
QΦ0
) and β ∈ L22n+1(Λ
4T ∗M). So we have
‖
∞∑
j=2
1
j!
d{ρ∗(a)}
jΦ0‖L22n ≤
∞∑
j=2
1
j!
‖d{ρ∗(a)}
jΦ0‖L22n
≤ K0K1
∞∑
j=2
1
j!
(s‖a‖L22n+1)
j‖Φ0‖L22n+1
= K0K1s
2‖Φ0‖L22n+1‖a‖
2
L22n+1
f(s‖a‖L22n+1),
where a C∞-function f : R→ R is given by
f(x) =
{
(ex − 1− x)/x2 (x 6= 0),
1/2 (x = 0).
If we take ε ≤ (K2s)
−1 where K2 is the operator norm of the bounded
operator
(A¯1Φ0)
−1 : L22n+1(E
1
Φ0
) −→ L22n+1(Pˆ
1
QΦ0
),
then we have
f(s‖a‖L22n+1) ≤ fmax := max{f(x); x ∈ [0, 1]} <∞.
From now on, we suppose dΦ = 0. Then (2) gives
dA¯1Φ0(a) =
∞∑
j=2
1
j!
d{ρ∗(a)}
jΦ0,
so it follows
‖dA¯1Φ0(a)‖L22n = ‖
∞∑
j=2
1
j!
d{ρ∗(a)}
jΦ0‖L22n
≤ K0K1fmaxs
2‖Φ0‖L22n+1‖a‖
2
L22n+1
. (3)
From Lemma 3.3 and Lemma 3.4, there is the decomposition
L22n+1(E
1
Φ0) = RΦ0 ⊕ dL
2
2n+2(E
0
Φ0)⊕ d
∗
1L
2
2n+2(E
2
Φ0)
= RΦ0 ⊕ L
2
2n+1(Im(△♯)).
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Then A¯1Φ0(a) is an element of d
∗
1L
2
2n+2(E
2
Φ0
) since A¯1Φ0(a) ∈ V2n+1,Φ0(ε). From
Lemma 3.3, there is the Green operator
G♯ : L
2
2n−1(Im(△♯)) −→ L
2
2n+1(Im(△♯)),
which is the inverse operator of△♯|L22n+1(Im(△♯)). Since d
∗
0A¯
1
Φ0
(a) = 0, we have
‖A¯1Φ0(a)‖L22n+1 = ‖G♯△♯A¯
1
Φ0
(a)‖L22n+1
≤ K3K4‖dA¯
1
Φ0(a)‖L22n , (4)
where K3 and K4 are the operator norms of G♯ and d
∗
1, respectively.
Thus we have an inequality
‖a‖L22n+1 ≤ K0K1K2K3K4s
2fmax‖Φ0‖L22n+1‖a‖
2
L22n+1
,
from (3) and (4). Then we obtain an estimate
‖a‖L22n+1(1−K0K1K2K3K4s
2fmax‖Φ0‖L22n+1‖a‖L22n+1) ≤ 0.
So if we put ε = min{(K2s)
−1, (2K0K1K2K3K4s
2fmax‖Φ0‖L22n+1)
−1} > 0,
then it follows ‖a‖L22n+1 = 0, which means Φ = Φ0.
Proposition 3.7. Let Φ0 ∈ M˜qK and n ≥ 3. Then the set {πk(Φ0)} is an
open subset of πk(M˜qK) for k ≥ 2n+ 1.
Proof. Take ε > 0 as in Proposition 3.6. We can take an open set Wk,Φ0 of
Ak such that Wk,Φ0 ⊂ πk ◦ ϕk,Φ0(Vk,Φ0(ε)) from Lemma 3.5. Then Wk,Φ0 ∩
πk(M˜qK) is an open set of πk(M˜qK). Let x be an element ofWk,Φ0∩πk(M˜qK).
Then we may write x = πk(Φ) for some Φ ∈ ϕk,Φ0(Vk,Φ0(ε)), but Proposition
3.6 gives Φ = Φ0 since ϕk,Φ0(Vk,Φ0(ε)) ⊂ ϕ2n+1,Φ0(V2n+1,Φ0(ε)). Hence we
have Wk,Φ0 ∩ πk(M˜qK) = {πk(Φ0)}.
Thus we have shown that πk(M˜qK) is a discrete subset ofA
k for k ≥ 2n+1
and n ≥ 3. Next we are going to prove Theorem 1.3.
Lemma 3.8. Let ΦA,ΦB ∈ M˜ΦqK (M) and N ≥ 2n + 1. Suppose that
πk(ΦA) = πk(ΦB) for any k ≥ N . Then there is (f, c) ∈ G = Diff0(M)×R>0
such that cf ∗ΦA = ΦB.
Proof. Suppose that we have πk(ΦA) = πk(ΦB) for any k ≥ N . Then there
is (fk, ck) ∈ Gk+1 such that ckf
∗
kΦA = ΦB for each k, so we have cNf
∗
NΦA =
ckf
∗
kΦA. Since each fk is homotopic to IdM , we have [ckf
∗
kΦA]dR = [ckΦA]dR
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where [θ]dR ∈ H
4
dR(M) is the de Rham class of a closed form θ ∈ Ω
4. Then
if we denote by Πh the harmonic projection with respect to gΦA, we have
Πh(ckf
∗
kΦA) = Πh(ckΦA) = ckΦA.
Hence it follows that ckΦA = cNΦA, which gives ck = cN . Then fN ◦ f
−1
k ∈
L2N+1(Diff0(M)) is an element of
IΦA := {f ∈ L
2
N+1(Diff0(M)); f
∗ΦA = ΦA}.
According to [13], if a C1 diffeomorphism f : M → M preserves a smooth
Riemannian metric, then f is smooth. Since each element of IΦA preserves
smooth Riemannian metric gΦA, then IΦA is a subgroup of Diff0(M). So
f˜k := fN ◦ f
−1
k is an element of Diff0(M), then we may write fN = f˜k ◦ fk,
which is an element of L2k+1(Diff0(M)). Thus fN is an element of
∞⋂
k=N
L2k+1(Diff0(M)) = Diff0(M).
Now we have a quotient space MqK := M˜qK/G and the quotient map
πqK : M˜qK −→MqK .
Definition 3.9. Quaternionic Ka¨hler structures {Φt}t∈R ⊂ M˜qK is a con-
tinuous family if the map
Φ˜k : R −→ L
2
k(RΦqK (M))
defined by Φ˜k(t) := Φt is a continuous map for each k ≥ 2n+ 1.
Then a rigidity theorem for quaternionic Ka¨hler structures is obtained as
follows.
Theorem 3.10. Let {Φt}t∈R ⊂ M˜qK be a continuous family on a compact
manifold M of dimension 4n for n ≥ 3. Then we have πqK(Φt) = πqK(Φ0)
for any t ∈ R.
Proof. Since the maps πk ◦Φ˜k are continuous maps, we have πk(Φt) = πk(Φ0)
from Proposition 3.7. Then by Lemma 3.8, we obtain πqK(Φt) = πqK(Φ0).
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4 Deformation complexes of torsion-free G-
structures
The purpose of this section is to give the proof of Lemma 3.3. We introduce
new complexes; the deformation complexes of torsion-free G-structures. The
new complex is elliptic at k = 1 if G satisfies a certain condition. Then we
can construct an isomorphism between the deformation complex of torsion-
free Sp(n)Sp(1)-structures and Goto’s complex (1) of quaternionic Ka¨hler
structures.
Let G be a Lie subgroup of O(N) andM be a compact manifold of dimension
N . Fix a torsion-free G-structure Q ∈ Γ(RG(M)). Let d
∇
k : Ω
k(TM) →
Ωk+1(TM) be the covariant exterior derivative of the Levi-Civita connection
∇ of gQ. Then it is easy to see that d
∇
k Γ(gˆ
k
Q) is a subspace of Γ(gˆ
k+1
Q ) for
k = 1, 2, · · ·. Moreover, there is a following property.
Proposition 4.1. Let Q ∈ Γ(RG(M)) be a torsion-free G-structure, and ∇
be the Levi-Civita connection of gQ. Then d
∇
k+1 ◦ d
∇
k (Γ(Λ
kT ∗M ⊗ TM)) is a
subspace of Γ(gˆk+2Q ).
Proof. First we suppose k = 0. We are going to show (d∇)2X ∈ Γ(gˆ2Q) for
each X ∈ X (M).
Fix p ∈ M , and take a neighborhood U of p and local orthonormal frame
ξ1, · · · , ξN ∈ X (U) and its dual frame ξ
1, · · · , ξN ∈ Ω1(U) as in the proof of
Proposition 2.3. Let R ∈ Ω2(gˆQ) be a curvature tensor of ∇, and we may
write R(ξi, ξj)ξl =
∑
mR
m
ijlξm and X =
∑
lX
lξl ∈ X (U) on U . Since the
curvature tensor of G-connection is a section of the vector bundle induced
by the adjoint action of g, so
∑
l,mR
m
ijlξ
l⊗ ξm ∈ Γ(T
∗U ⊗TU) is a section of
gˆ
1
Q|U . Then we have
(d∇)2X =
∑
i,j,l,m
RmijlX
lξi ∧ ξj ⊗ ξm.
So it follows that
(d∇)2X =
∑
i,j,l,m
(−Rmjli −R
m
lij)X
lξi ∧ ξj ⊗ ξm
= 2
∑
j,l
X lξj ∧ (
∑
i,m
Rmjliξ
i ⊗ ξm) ∈ Γ(gˆ
2
Q).
from the first Bianchi identity, Rmijl + R
m
jli + R
m
lij = 0. Next we show the
case of k ≥ 1. It suffices to show that (d∇)2(α ⊗ X) ∈ Γ(gˆk+2Q ) for each
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α ∈ Ωk(M) and X ∈ X (M). Then we have
(d∇)2(α⊗X) = d∇(dα⊗X + (−1)kα ∧ ∇X)
= d2α⊗X + (−1)k+1dα ∧∇X + (−1)kdα ∧∇X
+α ∧ (d∇)2X
= α ∧ (d∇)2X ∈ Γ(gˆk+2Q )
from the case of k = 0.
We define a differential operator dQk : Γ(Pˆ
k
Q)→ Γ(Pˆ
k+1
Q ) by d
Q
k := prPˆ k+1Q
◦
d∇k , where prPˆ kQ
: ΛkT ∗M ⊗ TM → Pˆ kQ is the orthogonal projection. Then
from Proposition 4.1, we obtain the deformation complex of torsion-free G-
structures
· · ·
d
Q
k−1
−→ Γ(Pˆ kQ)
d
Q
k−→ Γ(Pˆ k+1Q )
d
Q
k+1
−→ · · · . (5)
Next we will see that the complex (5) is elliptic at k = 1. We denote
by Sbk(u) the symbol of the differential operator d
Q
k at u ∈ V
∗ − {0}. Let
prP k
g
: Λk ⊗ V → P k
g
be the orthogonal projection. Then we have
Sbk(u)(X) = prP k+1
g
(u ∧X)
= prP k+1
g
(
∑
i1,···,ik,j
Xji1···ik(u ∧ v
i1 ∧ · · · ∧ vik)⊗ vj)
for X =
∑
i1,···,ik,j
Xji1···ikv
i1 ∧ · · · ∧ vik ⊗ vj ∈ P
k
g
. To prove that the complex
(5) is elliptic at k = 1, we have to see the complex
· · ·
Sbk−1(u)
−→ P k
g
Sbk(u)
−→ P k+1
g
Sbk+1(u)
−→ · · ·
is the exact sequence at P 1
g
.
We have an orthogonal decomposition V = Rv ⊕Wv with respect to g0 for
each v ∈ V − {0}. The decomposition induces the orthogonal projection
pv : End(V ) → End(Wv), then we can consider the following conditions for
G ⊂ O(N).
(C1) The linear map pv|g : g→ End(Wv) is injective for each v ∈ V − {0}.
The condition (C1) is equivalent to the following condition.
(C2) Let v1, v2, · · · , vN ∈ V be any orthonormal basis and v
1, v2, · · · , vN ∈ V ∗
be its dual basis. Then for all A = Ajiv
i⊗vj ∈ g, A = 0 if A
j
i = 0 for i, j 6= 1.
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Lemma 4.2. Suppose that the Lie subgroup G ⊂ O(N) satisffies (C1). For
all a ∈ End(V ) and u ∈ V ∗ − {0}, we may write a = b + u ⊗ w for some
b ∈ g and w ∈ V if u ∧ a ∈ g2.
Proof. Wemay take u ∈ V ∗−{0} as g0(u, u) = 1. Then we fix an orthonormal
basis v1 = u, v2, · · · , vN ∈ V ∗ and its dual basis v1, v2, · · · , vN ∈ V with
respect to g0. Suppose that v
1 ∧
∑
j,k a
k
j v
j ⊗ vk =
∑
i,j,kB
k
ijv
i ∧ vj ⊗ vk for
a =
∑
j,k a
k
j v
j ⊗ vk ∈ End(V ) and
∑
j,k B
k
ijv
j ⊗ vk ∈ g for i = 1, 2, · · · , N .
Then
v1 ∧
∑
j,k
akjv
j ⊗ vk =
∑
i<j
∑
k
(Bkij −B
k
ji)v
i ∧ vj ⊗ vk.
So we have
akj = B
k
1j −B
k
j1 (j 6= 1), (6)
Bkij − B
k
ji = 0 (i, j 6= 1). (7)
Now Bkij satisfies B
k
ij = −B
j
ik for any i, j, k since
∑
j,kB
k
ijv
j⊗vk ∈ g ⊂ so(N).
Then (7) gives Bkij = 0 for i, j, k 6= 1. Hence B
k
ij = 0 for i 6= 1 and j, k =
1, · · · , N from (C2). Then
a =
∑
j,k
akj v
j ⊗ vk
=
∑
k
ak1v
1 ⊗ vk +
∑
j 6=1
∑
k
(Bk1j − B
k
j1)v
j ⊗ vk.
Since Bkj1 = 0 for j 6= 1 and k = 1, · · · , N , we have
a = v1 ⊗
∑
k
ak1vk +
∑
j,k
Bk1jv
j ⊗ vk −
∑
k
Bk11v
1 ⊗ vk.
Then we have finished the proof by putting b =
∑
j,kB
k
1jv
j ⊗ vk and w =∑
k(a
k
1vk − B
k
11)vk.
Proposition 4.3. Let G be a Lie subgroup of O(N) satisfying the condition
(C1). Then the complex (5) is elliptic at k = 1 for any torsion-free G-
structure Q.
Proof. Let a ∈ P 1
g
, u ∈ V ∗−{0} and Sb1(u)a = 0. Since Sb1(u)a = 0 means
that u ∧ a is an element of g2, we may write a = b + u ∧ w for some b ∈ g
and w ∈ V from Lemma 4.2. Hence we obtain
a = prP 1
g
(a) = prP 1
g
(b+ u ∧ w) = prP 1
g
(u ∧ w) = Sb0(u)w.
18
Proposition 4.4. If a Lie group G ⊂ O(N) is defined by
G := {g ∈ GLNR; ρ(g)Φ
V = ΦV }
for ΦV ∈
⊕l
i=1 Λ
pi, then G satisfies the condition (C1).
Proof. Let v1, · · · , vn be an orthonormal basis of V = R
n, and v1, · · · , vn be
its dual basis. We suppose that A =
∑
i,j A
j
iv
i ⊗ vj is an element of g and
Aji = 0 for i, j 6= 1. From the definition of G, we have∑
1≤j≤n
Aj1v
1 ∧ ιvjΦ
V +
∑
2≤i≤n
A1i v
i ∧ ιv1Φ
V = 0.
So we have ∑
1≤j≤n
Aj1v
1 ∧ ιvjΦ
V = 0,
∑
2≤i≤n
A1i v
i ∧ ιv1Φ
V = 0.
Thus we have shown
∑
1≤j≤nA
j
1v
1⊗vj and
∑
2≤i≤nA
1
i v
i⊗v1 are the elements
of g ⊂ so(N). Hence we obtain Aj1 = A
1
i = 0 for any i, j.
It is easy to see Ak+1Φ0 (d
∇
k β) = dA
k
Φ0
(β) for β ∈ Ωk(TM) by direct calcu-
lation using local orthonormal frame appear in the proof of Proposition 2.3,
and we have the following proposition.
Proposition 4.5. Let Φ0 ∈ M˜ΦV (M). Suppose that dimE
k
ΦV = dimP
k
g
for
k = l, l+1. Then A¯l and A¯l+1 are isomorphisms and d ◦ A¯lQΦ0
= A¯l+1Φ0 ◦ d
QΦ0
l+1 .
Now, we have dimE1ΦV = dimP
1
g
by the definition of G. So we have the
following.
Proposition 4.6. Let Φ0 ∈ M˜ΦV (M) and suppose that dimE
2
ΦV = dimP
2
g
.
Then the complex (1) is an elliptic comlex at k = 1.
Since dimE2ΦqK = dimP
2
sp(n)⊕sp(1) from the proof of Theorem 3.2, we have
shown Lemma 3.3.
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5 Bochner-Weitzenbo¨ck formulas on the
quaternionic Ka¨hler manifold
In this section we give a proof of Lemma 3.4.
Lemma 5.1. Let Φ0 ∈ M˜qK, and △♯ = dd
∗
0+d
∗
1d be as in Lemma 3.3. Then
we have Ker △♯ = RΦ0 for n ≥ 3.
Proof. By the definition of EkΦqK , we have E
1
ΦqK
= A1(EndR4n). Since there
is a natural decomposition
EndR4n = so(4n)⊕ R(IdR4n)⊕ symm0(4n),
where symm0(4n) = {A ∈ EndR
4n; tA = A, trace(A) = 0}, we have
E1ΦqK = A
1(so(4n))⊕A1(RIdR4n)⊕ A
1(symm0(4n))
= A+ ⊕ RΦqK ⊕A
−,
by putting A+ = A1(so(4n)), A− = A1(symm0(4n)). Then the above de-
composition induces E1Φ0 = Aˆ
+
Φ0
⊕ RˆΦ0 ⊕ Aˆ
−
Φ0
. Note that A+ ⊗ C ∼= λ20σ
2,
A− ⊗ C ∼= λ21σ
2 ⊕ λ20 and CΦqK
∼= σ0.
Let the map J : E1Φ0 → E
1
Φ0
be given by J(α) := ∗(α ∧ Φn−20 ) where ∗ is
the Hodge star operator with respect to gΦ0 . Then we can calculate J(α) by
using decomposition E1Φ0 = Aˆ
+
Φ0
⊕ RˆΦ0 ⊕ Aˆ
−
Φ0
.
(i) Let α = Φ0. Then we have
J(Φ0) = ∗(Φ0 ∧ Φ
n−2
0 ) = ∗Φ
n−1
0 =
|ΦqK |
2
cn
Φ0
where cn is given by Φ
n
qK = cnvolg0.
(ii) Let α =
∑
i,j a
j
i ξ
i ∧ ιξjΦ0 ∈ Aˆ
+
Φ0
, where ξi, ξj are as in the proof of
Proposition 2.3, and aji = −a
i
j . Then we have
J(α) = ∗(
∑
i,j
aji ξ
i ∧ ιξjΦ0 ∧ Φ
n−2
0 )
=
1
n− 1
∗ (
∑
i,j
aji ξ
i ∧ ιξjΦ
n−1
0 )
=
1
n− 1
∑
i,j
aji ιξi(ξ
j ∧ ∗Φn−10 )
= −
1
n− 1
∑
i,j
aji ξ
j ∧ ιξi ∗ Φ
n−1
0
=
1
n− 1
|ΦqK |
2
cn
∑
i,j
aijξ
j ∧ ιξiΦ0 =
1
n− 1
|ΦqK |
2
cn
α.
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(iii) Let α ∈ Aˆ−Φ0 . By calculating in the same way as (ii), we have
J(α) = −
1
n− 1
|ΦqK |
2
cn
α.
From (i)(ii)(iii), it follows
J(α) =
|ΦqK |
2
cn
(α0 +
1
n− 1
α+ −
1
n− 1
α−)
for α = α0 + α+ + α− ∈ Γ(RˆΦ0 ⊕ Aˆ
+
Φ0
⊕ Aˆ−Φ0).
Let α is an element of Ker △♯, which means dα = d
∗
0α = 0. Then
d∗J(α) = − ∗ d(α ∧ Φ0) = − ∗ (dα ∧ Φ0) = 0.
Let p0 : Λ
3T ∗M → E0Φ0 be the orthogonal projection. Since the formal
adjoint d∗0 is given by d
∗
0 = p0d
∗, we have two equations
cn
|ΦqK |2
d∗J(α) = d∗(α0 +
1
n− 1
α+ −
1
n− 1
α−) = 0, (8)
d∗0α = p0d
∗(α0 + α+ + α−) = 0. (9)
Then by calculating (n− 1)p0 × (8) + (9), we obtain
np0d
∗α0 + 2p0d
∗α+ = 0. (10)
Since d∗α0 ∈ Γ(E
0
Φ0
), the equation (10) is equivalent to
nd∗α0 + 2p0d
∗α+ = 0. (11)
There are non-trivial Sp(n)Sp(1)-equivariant maps
T0 : RΦqK → Λ
0, T1 : E
0
ΦqK
→ Λ1, T2 : A
+ → Λ2.
Since T0 and T1 are isomorphisms and T2 is injective, each Ti is deter-
mmined uniquely up to scalar multiple by Schur’s lemma. Then the bundle
maps
Tˆ0,Φ0 : RˆΦ0 −→ Λ
0T ∗M,
Tˆ1,Φ0 : E
0
Φ0 −→ Λ
1T ∗M,
Tˆ2,Φ0 : Aˆ
+
Φ0
−→ Λ2T ∗M
are induced by Q˜Φ0 and each Ti. From Schur’s lemma, there are nonzero
constants C0, C+ ∈ R which satisfy
Tˆ1,Φ0(d
∗α0) = C0dTˆ0,Φ0(α0),
Tˆ1,Φ0(p0d
∗α+) = C+d
∗Tˆ2,Φ0(α+),
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since RΦqK , E
0
ΦqK
and A+ are the irreducible Sp(n)Sp(1)-modules. So the
equation (11) is equivalent to
nC0dTˆ0,Φ0(α0) + 2C+d
∗Tˆ2,Φ0(α+) = 0,
which gives dTˆ0,Φ0(α0) = d
∗Tˆ2,Φ0(α+) = 0. Since Tˆ1,Φ0 is an isomorphism,
we obtain
d∗α0 = p0d
∗α+ = 0. (12)
Next we consider the condition dα = 0. There is the decomposition
E2Φ0 = (
ˆλ30σ
3)Φ0 ⊕ (
ˆλ31σ
3)Φ0 ⊕ (
ˆλ30σ
1)Φ0 ⊕ (
ˆλ31σ
1)Φ0 ⊕ (
ˆλ10σ
3)Φ0 ⊕ (
ˆλ10σ
1)Φ0
induced by the decomposition of E2ΦqK as in Section 3. By taking the orthog-
onal projection Πλ30σ3 : E
2
Φ0
→ ( ˆλ30σ
3)Φ0 , we have
Πλ30σ3(dα+) = 0, (13)
because the irreducible Sp(n)Sp(1)-decomposition of V ∗⊗(RΦqK⊕A
−) does
not contain the component of λ30σ
3.
Since the space A+ is isomorphic to λ20σ
2 as an Sp(n)Sp(1)-module, there
are the irreducible decomposition
T ∗M ⊗ Aˆ+Φ0 = (
ˆλ31σ
3)Φ0 ⊕ (
ˆλ30σ
3)Φ0 ⊕ (
ˆλ10σ
3)Φ0
⊕( ˆλ30σ
1)Φ0 ⊕ (
ˆλ31σ
1)Φ0 ⊕ (
ˆλ10σ
1)Φ0 ,
and orthogonal projections prλpqσr : T
∗M⊗Aˆ+Φ0 → (
ˆλpqσr)Φ0 . Then differential
operator Da,b on Γ(Aˆ
+
Φ0
) are defined by
D1,1 := prλ31σ3 ◦ ∇, D1,3 := prλ30σ3 ◦ ∇, D1,−2 := prλ10σ3 ◦ ∇,
D−1,1 := prλ31σ1 ◦ ∇, D−1,3 := prλ30σ1 ◦ ∇, D−1,−2 := prλ10σ1 ◦ ∇,
where ∇ is the Levi-Civita connection of gΦ0. According to [6], there are
equations for Ba,b := (Da,b)
∗Da,b and the scalar curvature κgΦ0 , where (Da,b)
∗
is the formal adjoint of Da,b,
1
n+ 2
κgΦ0 = −B1,1 + 2B1,3 + 2nB1,−2 (14)
−B−1,1 + 2B−1,3 + 2nB−1,−2,
2
n + 2
κgΦ0 = −2(B1,1 +B1,3 +B1,−2) (15)
+4(B−1,1 +B−1,3 +B−1,−2),
8
n + 2
κgΦ0 = −2(n + 2)B1,1 + 4(n− 1)B1,3 − 4n(n− 1)B1,−2 (16)
+4(n+ 2)B−1,1 − 8(n− 1)B−1,3 + 8n(n− 1)B−1,−2.
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Now we have p0d
∗α+ = 0 and Πλ30σ3(dα+) = 0 from (12)(13), which gives
B−1,−2α+ = 0 and B1,3α+ = 0, respectively. So by calculating 2(n
2 − n −
2)× (14)− n(n + 3)× (15) + 2n+1
2
× (16), we have
−(2n+ 1)(n− 2)B1,1α+ − 2(n− 2)(n+ 2)B−1,1α+
−4(2n+ 1)(n+ 1)B−1,3α+
= 0.
Then by taking L2 inner product with α+, it follows that
−(2n + 1)(n− 2)‖D1,1α+‖
2
L2 − 2(n− 2)(n+ 2)‖D−1,1α+‖
2
L2
−4(2n + 1)(n+ 1)‖D−1,3α+‖
2
L2
= 0,
which gives B1,1α+ = B−1,1α+ = B−1,3α+ = 0 since n ≥ 3. Hence (14) and
(15) gives 2nB1,−2α+ =
1
n+2
κgΦ0α+ and −B1,−2α+ =
1
n+2
κgΦ0α+, respectively.
Then by vanishing B1,−2 from above two equations, we obtain
2n+1
n+2
κgΦ0α+ =
0. Since we suppose the scalar curvature is nonzero, we have α+ = 0.
From (11) and α+ = 0, we have d
∗α0 = 0. If we write α0 = fΦ0 for
f ∈ C∞(M), then d∗α0 = 0 means df = 0 since the map ∗(· ∧ ∗Φ0) : T
∗M →
Λ3T ∗M is injective. So α0 is given by α0 = cΦ0 for c ∈ R.
Thus it follows dα− = 0, d
∗α− = 0 from (8) and dα = dα0 = dα+ = 0.
But there is no nonzero harmonic forms on Γ(( ˆλ21σ
2)Φ0 ⊕ (λˆ
2
0)Φ0) according
to the vanishing theorems on the quaternionic Ka¨hler manifold [6][14], hence
we obtain α− = 0.
6 Quaternionic Ka¨hler metrics and the re-
duced frame bundles
Let g be a Riemannian metric on M whose holonomy group Hol(g) is
isomorphic to Sp(n)Sp(1). Then we set
M˜qK(g) := {Φ ∈ M˜qK ; gΦ = g}.
The purpose of this section is showing that there is a unique element in
M˜qK(g).
We use following proposition, which can be seen in [8] p.46.
Proposition 6.1 ([8]). Let g be a quaternionic Ka¨hler metric on a connected
manifold M of dimension 4n. Then there is a one-to-one correspondence
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between M˜qK(g) and homogeneous space Sp(n)Sp(1)\N(Sp(n)Sp(1)), where
N(Sp(n)Sp(1)) is defined by
N(Sp(n)Sp(1)) := {x ∈ O(4n); x{Sp(n)Sp(1)}x−1 ⊂ Sp(n)Sp(1)}.
Proposition 6.2. Let g be a quaternionic Ka¨hler metric on a manifold M
of dimension 4n ≥ 12. Then M˜qK(g) has only one element.
Proof. From Proposition 5.1, it suffices to show that
N(Sp(n)Sp(1)) = Sp(n)Sp(1).
Let ρ be as in Section 3. If we take x ∈ N(Sp(n)Sp(1)), then xhx−1 is an
element of Sp(n)Sp(1) for any h ∈ Sp(n)Sp(1). So it follows that
ρ(xhx−1)ΦqK = ΦqK ,
ρ(h)ρ(x−1)ΦqK = ρ(x
−1)ΦqK ,
for any h ∈ Sp(n)Sp(1). It means that ρ(x−1)ΦqK is an element of
(Λ4)Sp(n)Sp(1) := {α ∈ Λ4; ρ(h)α = α for any h ∈ Sp(n)Sp(1)}.
Then we may write ρ(x−1)ΦqK = λΦqK for λ ∈ R since (Λ
4)Sp(n)Sp(1) ∼= R
from the irreducible Sp(n)Sp(1)-decomposition of Λ4 in Section 3. Since we
have
(ρ(x−1)ΦqK)
n = ρ(x−1)ΦnqK = det(x)Φ
n
qK ,
it follows that λ = ±1. So we have
N(Sp(n)Sp(1)) = {x ∈ O(4n); ρ(x−1)ΦqK = ±ΦqK},
and it follows that the irreducible Sp(n)Sp(1)-module RωI⊕RωJ⊕RωK ⊂ Λ
2
is an irreducible N(Sp(n)Sp(1))-module. Then we may write
ρ(x−1)ωI = A1ωI + A2ωJ + A3ωK ,
ρ(x−1)ωJ = B1ωI +B2ωJ +B3ωK ,
ρ(x−1)ωK = C1ωI + C2ωJ + C3ωK ,
for some Ai, Bi, Ci ∈ R. If ρ(x
−1)ΦqK = −ΦqK , then A
2
1 + A
2
2 + A
2
3 = −1.
Hence ρ(x−1)ΦqK has to be ρ(x
−1)ΦqK = ΦqK , which means x ∈ Sp(n)Sp(1).
Thus we have shown N(Sp(n)Sp(1)) = Sp(n)Sp(1).
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